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Abstract. In this paper we consider the semi-hnear wave equation: utt — Am = 
ut\ut\^~^ in K^. We provide an associated energy. With this energy we give the 
blow-up rate for blowing up solutions in the case of bounded below energy. 
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1 Introduction 

We consider the following semi-linear wave equation: 

' Utt -Au = ut \utf~'^ t £ [0,T), xeM^ 

(1) 

^ (u(x,0),nt(x,0)) = (no,ni) € lloc,«(K^), 

where Yioc,u is either := i^L, Jl^^) x ^L, Jl^^) or ■= (^lo^u^^ 

HLui^'')) X (LfScu n Hl^'')), with 



lI^^CR^) = Iv.R^ -^R; \\v\\l2 := sup / \v{x)\^dx < oo 

I '""■'^ xom^ J\x-xo\<i 



and 



hL,u ■■= {v e Ll^,u (K^) ; |VH G lL,. (m^)} , 
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and corresponding definitions for L'^^^ and W^^^. We assume in addition 
that 



(mo,^^i) G Yil'l^ and 



pGNn(l,^) ifiV>3 



or 



pG{2,3,---} ifiV<2. (2) 



[ (no, ui) G Yil';^^, N<3, and p G M n (1, +00) 

All of this is due to the local existence result (see for instance Faour, 
Fino and Jazar |5]). 

A very rich literature has been done on the semi-linear equation 



utt 



An = aut |nf|^ ^ + 6n[n|'' ^ (3) 



with a, b, p and q are real numbers, p,q > 1. When a < and 6 = then 
the damping term aut\ut\^~^ assume global existence in time for arbitrary 
data (see, for instance, Harraux and Zuazua [7j and Kopackova [9]). When 
a < 0, 6 > and p > q then one can cite, for instance, Levine [TU] and 
Georgiev and Todorova [1], that show the existence of global solutions (in 
time) under negative energy condition. When a < 0, 6 > and q > p, or 
when a < 0, 6 > and p = 1 then one can cite [1] and Messaoudi |15] where 
they show finite time blowing up solutions under sufficiently large negative 
energy of the initial condition. 

The first to consider the case a > was Haraux [6j (with 6 = on 
bounded domain), who construct blowing up solutions for arbitrary small 
initial data. See also Jazar and Kiwan [8] and the references therein for 
the same equation ([1]) on bounded domain. We refer to Levine, Park and 
Serrin [IT] and the references therein for the whole space-case M^. Finally, 
we refer to Haraux [B] , Souplet [T71 [12] and Jazar and Souplet [3] concerning 
the ODE case. 

Unlike previous work where the considered question was to provide con- 
ditions ensuring finite time blowup for the solution, recent interesting work 
has been done aiming at understanding the behavior of blowing up solutions 
in Hi^^ ^ X Lf^^ j^-norm. This was the aim of the paper of Antonini and Merle 
[2] and also the series of papers of Merle and Zaag [HI |13l [H] where they 
was concerned by the blow-up rate for ([3]) in the case a = and 6 = 1. They 
showed that the blow-up rate is that of the associated ODE (n" = n^) for 
I < p < I + Tv^, and in [T3] they study the growth rate near the blowup 
surface. 

In this paper we consider the case a = 1 and 6 = 0. 

For the rest of the paper, and following [21 [12l [131 E]) we consider 
solutions n of ([T]) that blow-up in finite time T > in the space Yioc^ui^^)- 
Our aim is to study the blow-up behavior of u{t) as t T. We compare 
the growth of ut and k, the solution of the simplest associated ODE: ku = 



2 



kt\kt\^~^. Nevertheless, the presence of the force term ut\ut\^~^ makes the 
work more comphcated. To remedy this difficulty, and inspired by the work 
of Rivera and Fatori [16] , we rewrite ([1]) as 



(4) 



Utt - /o Aut (r) dr - Auq = ut \utf~^ , t G [0, T), x G M^, 

(u(x,0),-Ui(x,0)) = (uo(x),Ul(x)) G Yloc,u- 

Then, putting 

V (x, t) = Ut (x, t) (5) 
in (21), we obtain the following integro differential PDE 



Vt - /o Av (r) dT - Auo (x) = v \v\^'^ t G [0, T), x G M^, 
f (x, 0) = Ml (x) =: vq. 



(6) 



Now, we introduce (see [D [2]) the following change of variables. For 
a G and T' > 0, with /3 := 

z = x-a, s = -log(r'-t), v{t,x) = {T' -t)-^eT',a{s,z) (7) 

and 

(T')^+' no(x) =: 0^,00 {T'Y v{x, 0) =: 9{so, z) =: 0,,o(^) 

where sq := — logT'. We then see that the function Ot^q (we write 9 for 
simplicity) satisfies for all s > — log T' (and s < — log (T' — T) if T' > T) 
and all z G 

5(s)0. + f39is)9 - r 92 (r) (r) dr - 5 (so) A^oo = 9{s) 9 (8) 

J So 

where g(s) := e^^"*"^)* and 92 (s) := e^'^"-'^)*. Denote by h{s) := e"^^'^^^'' and 
/i2(s) := e-(^-l)^ 

In the new set of variables (s, z), the behavior of as 1 1 ^ is equivalent 
to the behavior of ^ as s — )• 00. 

In Section 2 we define an associated energy to equation ([8]) that is de- 
creasing (see Proposition [1]) . 

Our main result in this paper is: 
Theorem 1 (Bounds on 9) 

Assume that {uq^ui) and p satisfy If u is a blowing-up solution at time 
T > of ([ly and 9 is defined as in ^ and satisfies 

C<E[9]{s) (9) 
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for some constant C and for all s > sq, then there exists K > that depends 
on N, p and bounds on T and the initial data in Yi^c „ such that 



sup 
s > So 
a G 



2*^(5,-)llHi(B) + ll^(s,-)lli2(B) 



where B is the unit ball ofMJ^ and h2* 6{s, z) := f^^ /i2(s — s')9{s' , z) ds' . 
This can be translated in terms of u: 

Theorem 2 (Bounds on blowing-up solutions of 

Assume that {uo,ui) and p satisfy If u is a blowing-up solution at time 
T > of equation (CP and 9 is defined as in ([^ satisfying then there 
exists a positive constant C , that depends on N , p and bounds on T and the 
initial data in Yioc^u, such that for all t € [T(l — e~^),T), and all a € M^; 



where Ba is the unit hall centered at a. 



In Section 3 we provide the proof of Theorem [TJ In the last section we 
improve the regularity of the solution by providing a control on the L''-norm 
of e and e-'[h2 * 6*] for 1 < r < 

Acknowledgment. This work is strongly inspired by the series of papers 
of Merle and Zaag [IS Ha E] . 

2 The associated energy 

In this section we define a weighted energy associated to the equation ([8]) as 
follows: 

E{s) := [i/2 f g{s)p^e{sfdz-^ f g{s)p^\e{s)rUz 
Jb Jb 

-I r I P"52(r) [\AVe{T)-Ve{s)\^-\Ve{s)\^] dzdr 

° J so JB 

-a [ [ g2{T)[Np-2{a-l)z'^]p"-^ [\9{s) -eiT)]"^ -\e{s)\'^]dzdT 

J so JB 

-a r [ g{T)p''~^ [\e~^^zVe{s) - e{T)\^ - \e-^^ zVe{s)\^] dzdr 

J so JB 

+^5(so) ^ /o" [\V9{s) + V^ool' - ms)\^] dz 
+agiso) [ p"-^ [\e{s) - zV^ooP - 1^(^)1'] dz, 
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where B denotes the unit ball, a is any number satisfying a > max{/3(/3 + 
l)/2, 1 + 2/3, 2}, and p{z) := 1 - 

In this section we prove the following 

Proposition 1 The energy s i-^ E(s) is a decreasing function for s > sq. 
Moreover, we have 

Eis + 1)-Eis) = [ g{s)p''\6is')\P+'dzds' (10) 

Js Jb 

g{s)p'^el{s')dzds' 



s+l 



B 

-[a-/?(/3 + l)/2] g{s') [ p''e^{s')dzds' 
Js Jb 

rs+l r- 

-a / / g{s')p''-^\z\^\e{s')\^dzds' 
Js Jb 



s+l 



g2is')p'^\Ve{s')\'^dzds'. 

B 



Proof: In order to calculate the derivative of E, multiply the equation ([8]) 
by p°'Os and integrate over B := {\z\ < 1}. Then we get 

/ g{s)p'' [(3d0s - 9\e\P-%] dz - r [ p''g2{T)ds{s)AB{T)dzdT - B' 
Jb Jsq Jb 

g{s)p'^eldz. (11) 



B 



with 

B' := g{so) I p"" Moq{sq, z)es{s, z)dz 



We have 



and 



: -g(so) / p^'VOsVeoodz + lagiso) [ p""-^ zO Ooodz 
Jb Jb 

■ -{B1+B2). 

Bi = giso) [ p^'VOsVeoodz 
Jb 



B2 = -2ag{so) [ p"-^z0,V0oo 
Jb 

= ag{so)^^ l^p'^-' [m - zVe^ 



oo\'-\e{s)\'] 
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Using Green's formula, we write the term 

- r / p"92{T)es{s)Ae{T)dzdT = h+l2 
J so J B 



where 



and 



For h: 



h •= r [ g2{T)p''Ves{s)Ve{T)dzdr 
J so Jb 



h := -2a / / g2{T)p'^-^esis)zVe{T)dzdT. 
J so Jb 



h = j^p'^g2{T)\2Ve{T)-\ve{s)\^dzdT 

1 d 



Remainder I2: 
h 



with 



+ 



L-Jso 



g2{T)dT [ p"|Ve(s)|2dz 

JB 

Jb 



-2a I I g2iT)p"-'^es{s)zVe{T)dzdT 
J so Jb 

2a r [ 52(r)V[z/9"-i^,(s)]0(r)dzdr 

2Na [ [ g2{T)p''-^es{s)e{T)dzdT 
Jso Jb 

-Aa{a - 1) /V g2(.r)p''-''z''esis)d{T)dzdT 
Jso Jb 

+2a I [ g2{T)p''-'^zV9s{s)e{T)dzdT 

Jso Jb 
A1+A2 + A3, 

2Na I [ g2{T)p'^-'^es{s)e{T)dzdT 
J so Jb 

r I g2{r)p''-^\e{s)-9{T)\''dzdT 
Jso Jb 

f g2{r)dT [ 
Jso Jb 

-Nag2is) [ p"-'\0is)\''dz, 
Jb 



-Na^ 
ds 



+Na 



d 
ds 



= -Aa{a-1) f f g2{T)p'^-'^z^es{s)e{T)dzdT 

J so JB 



= 2a{a - 1) 



ds 



A. 



-a 



so 

d_ 

ds 
d_ 
ds 




so JB 



= —a 



r [ g2{T)z''p--^\e{s)-e{T)\^dzdT 

J so JB 

-2a{a - 1)^ £ g2{r)dT J^z^p"-^\e{s)\^dz 
+2aia - l)g2{s) I z^ p''-^\eis)fdz, 

JB 

2a / / g2{T)p'^''^zVes{s)e{T)dzdT 

J so JB 

= 2a [ [ g{T)p'^-^e-^^zV{es{s))e{T)dzdT 

J so JB 

g{T)p''-^\e-^^zWe{s) - e{T)\^dzdT 
gi{T)dT I z'^p'^-^\Ve{s)\^dz 

JB 

+a4- r I g{T)p"-^\6iT)\^dzdT -2ag2is) [ p"-^zVe(s)e(s)dz 
ds J so Jb Jb 

r f g{T)p"-^\e-^^zVe{s) - e{T)\^dzdT 
ds J so Jb 

r gi{T)dT f z'^p''-^\V9{s)\'^dz 
ds [Jso Jb 

+ag{s) [ p'^-^\e{s)\'^dz - ag2is) [ p'^-^zV9^{s)dz 
Jb Jb 

-a-7- r f g{T)p''~^\e-^^zVe(s)-e{T)\^dzdT 
ds Jso Jb 

r gi{T)dT I z'^p'^-^\Ve{s)\^dz 
ds \_Jso Jb 

+ag{s) I p''-^\e{s)\^dz + ag2{s) I V {p""-^ z)e^ {s)dz 
Jb Jb 

-a-^ r f g{r)p''-^\e-^^zVe{s)-e{T)fdzdT 
ds Jso Jb 

r g4{r)dT f z'^p''-^\V9{s)\'^dz 
ds Uso Jb 

+ag{s) [ p'^-^\9{s)\'^dz + aNg2{s) [ p'^-^e'^{s)dz 
Jb Jb 

-2a{a - l)g2{s) [ p''-^\z\'^9^is)dz. 
Jb 
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Then 

ds 



h = -a^ I I g2{r)[Np-2{a-l)z^]p^~^\e{s)-eiT)\-'dz 



Iso JB 



r 92(.T)dT [ [A^p-2(a-l)z>°-2|0(s)|2dz 
ds J so JB 



'so 



-"T- / / 9{T)p"-^\e-^^zV9{s) - e{T)\'^dzdT 

'so Jb 



ds 



+a4- r 94{r)dT [ z^ p''-^\Ve{s)\^dz 
ds J so Jb 

+ag{s) [ p^-'\9{s)\'dz. 



Putting Bi, B2, h and I2 into pT|) we finally get 

^E{s) = [ g{s)p'^\e{s)r'dz- [ g{s)p^el{s)dz (12) 

ds p+1 Jb Jb 

-[a-/3(/3 + l)/2] / gis)p''e\s)dz - a [ gis)p''-'\z\^\eis)\^ 
Jb Jb 

- [ 52(5)P"|V0(S)|2. 

Jb 

which terminates the proof of the lemma. □ 

3 Bounds on 9: Proof of Theorem [1] 

We start by the following corollary of Proposition [1] 
Corollary 1 (Bounds on E and 9) For all s > sq we have 

C < E[e{s)] < E[9{so)] =: Co, (13) 

/s+l p rs+l /• 

/ g(.s')p^{9! + \e\P+^ + e^)dyds'+ / <72(s')p"|V0p < C, (14) 

Jb Js Jb 

[ p'^iel + \e\^ + \e\p+^ + \ve\^) dyds' < c, (is) 

Js Jb 

rs+l r- 

/ / {el + \e\^ + W^^ + \ve\^)dvds' <c, (le) 

Js JBi/2 

where C depends only on hounds on T, and the initial data of UP in Yioc^u- 
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Proof: Inequalities ()13p and ()14p follow directly from Proposition [TJ In- 
equality ()15p follows from (|14p writing 



r / p"(02^|0|P+i + lV0|2 + e2)^y^^/ < min(/i(so),/i2(so)) X 
Js Jb 

r I g{s')p''{el + w+^ + e^)dyds' + ^ [ <72(s')p°|V0 

Js Jb Js Jb 



< C. 



Similarly, since p" > 3/4 over B1/2, inequality ()16p follows from (jlSp . 
□ 

The proof of Theorem [T] will be done in the following three propositions: 



Proposition 2 (Control of 9 in Lf^^^) For all s > sq + I and all a € ™^ 

we have 

f^dz<C. (17) 



a 

B 



Proposition 3 (Control of e *[/i2*V0] in Lf^^^) For alls> sq + I and 
all a € M.^ we have 



e-'' [ \h2*V9ais,z)\^dz <C. (18) 
Jb 

Proposition 4 (Control of e^^[h2*9] in Lf^^^) For all s > sq + 1 and 

all a € we have 

e~^' [ [h2i^9afdz < C. 
Jb 

Strategy of the proof: Following [13] and by a covering technique, we start 
showing that we can insert inside the integral Jg, then, using mean value 
theorem, we bound by //^^/^- We terminate by straightforward (but 
tricky) calculations using inequalities of Corollary [TJ 
Proof of proposition [2} 1. Let oq := ao('S) be such that 

/ p^9l{s,z)dz>l sup / p^9l{s,z)dz. 
Jb ^ aGM^ Jb 

We have: 

Lemma 1 For a// s > sq + 1 and for any a G M^, we have 

[ 9lis,z)dz<C I p"9l{s,z)dz. (19) 
Jb Jb 
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Proof of Lemma 1: Using the definition ^ oi and the fact that /> > 3/4 
over Bi/2 we have 



2 



9l{zo + z, s) dz 



Bi 

1 



< c I p^el+,^^{z,s)dz 



Bi 
7 



agRJV Jb 



< C sup I p'^el dz<2C I p'^e' dz 



B 



uniformly with respect to zq & B. Now since we can cover the ball B with 
A:(A^) balls of radius 1/2, this proves i^. □ 
2. Remains to prove that 



B 



p"9l{s,z)dz<C. 



Using the mean value theorem and (|15|) . there exists r € [s, s + 1] such that 

fS + l 



B 



p''9liT,z)dz 



r [ p"el^{s',z)dzds' <c. 
Js Jb 



Now 



B 



p"dl{s,z)dz 



p^el(T,z)dz 



B 



j^p''^^[el]{s\z)dzds' 



s JB 



p''2ea,{ea,)s{s',z) dzds' 

p'-iel + ieaJljdzds' 



B 



s+1 



p''[el + {eaofs]dzds' 
by m)- 



B 



< C- 

< C + 

< c + 

< 3C7 



This ends the proof of Proposition [2J □ 
Proof of Proposition [3} 1. For s > sq + 1 let ai = ai(s) be such that 

f r ns "1 2 -| r { ~1 ^ 

e-^M / h2{s- s')Vea^ds' dz>-snpe-^' / /i2(s - s')VMs' dz. 

Jb Usq J 2 ^gjgjv Jb [Jsq 

We need the following: 

Lemma 2 For all s > sq + 1 and for any a G M^, we have 



-2s 



[ [h2*VBa{s,z)fdz<Ce-^' [ p"[h2*VBa,] 
Jb Jb 



' dz. 



(20) 
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Proof of Lemma 2: Using the definition ^ of 6 and the fact that /> > 3/4 
over Bi/2 we have 



-2s 



Bi 

1 



/l2(s - s')'\/6a{zQ + Z, s')ds' 



dz 



Bi 
3 



dz 



/l2(s - s')Vea+zo{z,s')ds 

< Ce-^' [ [ r h2 {s - s')V9a+,, {z, s')ds 

J Bl \_J SQ 



1 2 



dz 



< C sup / p° 



/l2(s-s')Vea(^,s')f^s' 



so 



Jb Usq 



dz. 



uniformly with respect to € -B. Now since we can cover the bah B with 
k{N) balls or radius 1/2, this proves ()20p . □ 
2. Now we will prove that 



s+l 



"'I p'^[h2i<Vea,f{s',z)ds'dz<C. (21) 
Jb 

By integration by parts we have 



/ p''Aeis',z)9is, 
Jb 



z) dz 



Thus 

cs+l 



-2^' / p'^e[h2i^M]dzds' 
Jb 



[ p'^Ve{s',z)Ve{s,z)dz (22) 
Jb 

+2a [ p'^-^e{s,z)z-Ve{s',z)dz. 
Jb 

= - e~^'' [ p''[h2i^Vd]-Vddzds' (23) 
Js Jb 

-1 I- 

/ p^-^z-[h2*V9]edyds'. 
Jb 



Now, since 



d_ 

ds 



[e-'ih2*f)] = e-'[f-(3ih2*f)], 



so, for si < S2 we have 



1 



e-2^'|/i2*V0|' 



S2 



Si 



S2 



Si 



e-2^'[/i2*V0]-V0ds'-/3 / e-2*'|/i2*V0pds'. 

(24) 



S2 



Si 
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Multiplying equation ([8]) by p"^ai and then integrating over [s, s + 1] x B 
we get (using ([22]), and (l2i]) ) 



|/i2*V0, 



ai I 



s+1 



i+1 



-2a / / p°-^e-2"'z • [/i2 * V^aJ^ai d-zds'. 

Js Jb 

r [ p'^Oa, [{9a,) s + POa, " " Sq) A^qO " l^ai dzds' . 

Js JB 



Using the inequality ±ab < 7 ^a^ + jb'^, we have 



Js Jb 4 j£ 

where 7 = 4^. Then, using (fTSj) and proposition [21 we get 



rs+l 



/3 



s+1 



2 Js Js 
This can be written as 



B 



Jai I 



s+1 



dy < C. 
(25) 



y'{s) +ay{s) < b, 
where a and b are positive constants and 

fS+l 



/ p"e-2^>2*V0aiPd^ds'. 
JB 



This directly gives (^1]) . 

3. Remains to prove that, for all s > sq + 1, we have 



(26) 



/ p'^e-^'\h2*Vea,\'^is,z)dz <C. 
Jb 

Using the mean value theorem and (fT5]) . there exists r € [s, s + 1] such that 

/ p"e-2^[/i2*V0ai]^(r,z)dz = [ p°e-^''[h2*V9a,f{s',z)dzds'<C. 

Jb Js Jb 



Then 



/ p''e-^'[h2*V9a,f{s,z)dz = [ p°e-2-[/i2*V0aj2( 
JB Jb 



T, z) dz 




d 



s Jb 



p''^^{e-^''[h2*V9a,]\s',z))ds'dz 



< 



C + 2I [ p''e-^''[h2^V9a,][V9a,-(3h2*V9a,]ds'dz 
Js Jb 
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< c + 2 r f p^e~^''{h2*vea,)wea, 

J s J B 

-2 [ [ p'^f3e-^''\h2*V0a,\'^}ds'dz 

Js Jb 

< C + Ci [ p"e-2«>2*V0aj2 

Js Jb 



+C2 r [ p"vel^ ds'dz 

Js Jb 



This ends the proof of Proposition [3j □ 
Proof of proposition \^ The proof is similar to the previous one. □ 



4 Improvement of the regularity to 1 < r < 



2N 

iV-2 



We terminate with an improvement of the control on 9 and e~^[h2 * 0] 
we obtained in Propositions [2] and [H In fact, using Sobolev's embedding 
Theorem and the covering technique used in Propositions [21 El and U] we can 
show the following: 

Proposition 5 (Control of 6* and e-*[/i2*6i] in L'^(S) for 1 < r < ^) 
Let 1 < r < ■ For all s > sq + 1 and all a G we have 



\{h2*ea{s,z))\'-dz<C. (27) 

JB 

If, in addition, r < then 

\ea{s,z)\'^ dz <C. (28) 



Proof of Proposition [31 The inequality (j27|) is direct using propositions 
[31 [Hand Sobolev's injection Theorem: H^{B) ^ U^B). 
For the inequality (j28|) and following the proof of Proposition [21 let 03 := 
03(5) be such that 

/ p^ei^{s,z)dz>\ sup / p''ei{s,z)dz, 

Jb ^ aGM^ Jb 

where stand for l^asT- Similarly, we get: 

/ ei^{s,z)dz<C [ p^9:^{s,z)dz. (29) 
Jb Jb 
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Using the mean value theorem and ()15p . there exists r € [s, s + 1] such that 

p^ei(T,z)dz= [ p'^eus\z)dzds' <c. 



B Js JB 



Now, using Sobolev's embedding theorem i7^((s, ■s+l)xi?) ^ Li^^"^ ^\{s,s+ 
1) y. B), we get 

J^p''e:^{s,z)dz = j^p^ei^{T,z)dz + j^^ j^p'^^^ei^{s',z)ds'dz 



< C+ / p''r\eaj-^\{ea,)s\{s',z)ds'dz 

Js JB 



< 1^ /^"[l^^a l'^'^"'^ + i0a,fs] ds'dz 

[ p''[el + \V9af]ds'dz 

Js JB 
+ j^p'^iOa.fsds'dz 



< C + C 



< C (by (US])). 
This ends the proof of Proposition [5l □ 

References 

[1] Serge Ahnhac. Blowup for nonlinear hyperbolic equations. Progress in 
Nonhnear Differential Equations and their Applications, 17. Birkhauser 
Boston Inc., Boston, MA, 1995. 

[2] Christophe Antonini and Frank Merle. Optimal bounds on positive 
blow-up solutions for a semilinear wave equation. Internat. Math. Res. 
Notices, (21):1141-1167, 2001. 

[3] Mikhael Balabane, Mustapha Jazar, and Philippe Souplet. Oscillatory 
blow-up in nonlinear second order ODE's: the critical case. Discrete 
Contin. Dyn. Syst., 9(3):577-584, 2003. 

[4] Vladimir Georgiev and Grozdena Todorova. Existence of a solution 
of the wave equation with nonlinear damping and source terms. J. 
Differential Equations, 109(2) :295-308, 1994. 

[5] Faour H., Fino A. Z., and Jazar M. Local existence for a semilinear 
accretive wave equation, preprint, 2009. 

[6] A. Haraux. Remarks on the wave equation with a nonlinear term with 
respect to the velocity. Portugal. Math., 49(4):447-454, 1992. 



14 



[7] A. Haraux and E. Zuazua. Decay estimates for some semilinear damped 
hyperbolic problems. Arch. Rational Mech. Anal., 100(2): 191-206, 
1988. 

[8] M. Jazar and R. Kiwan. Blow-up results for some second-order hyper- 
bolic inequalities with a nonlinear term with respect to the velocity. J. 
Math. Anal. AppL, 327(l):12-22, 2007. 

[9] M. Kopackova. Remarks on bounded solutions of a semilinear dissipa- 
tive hyperbolic equation. Comment. Math. Univ. Carolin., 30(4) :713- 
719, 1989. 

[10] Howard A. Levine. Instability and nonexistence of global solutions to 
nonlinear wave equations of the form Puu = —Au+T{u). Trans. Amer. 
Math. Soc, 192:1-21, 1974. 

[11] Howard A. Levine, Sang Ro Park, and James Serrin. Global existence 
and global nonexistence of solutions of the Cauchy problem for a non- 
linearly damped wave equation. J. Math. Anal. AppL, 228(1): 181-205, 
1998. 

[12] Frank Merle and Hatem Zaag. Determination of the blow-up rate for 
the semilinear wave equation. Amer. J. Math., 125(5):1147-1164, 2003. 

[13] Frank Merle and Hatem Zaag. Determination of the blow-up rate for a 
critical semihnear wave equation. Math. Ann., 331(2):395-416, 2005. 

[14] Frank Merle and Hatem Zaag. On growth rate near the blowup surface 
for semilinear wave equations. Int. Math. Res. Not., (19):1127-1155, 
2005. 

[15] Salim A. Messaoudi. Blow up and global existence in a nonlinear vis- 
coelastic wave equation. Math. Nachr., 260:58-66, 2003. 

[16] Jaime E. Munoz Rivera and Luci Harue Fatori. Smoothing effect and 
propagations of singularities for viscoelastic plates. J. Math. Anal. 
AppL, 206(2) :397-427, 1997. 

[17] Philippe Souplet. Existence of exceptional growing-up solutions for a 
class of non-linear second order ordinary differential equations. Asymp- 
totic Anal, ll(2):185-207, 1995. 

[18] Philippe Souplet. Critical exponents, special large-time behavior and 
oscillatory blow-up in nonlinear ODE's. Differential Integral Equations, 
11(1):147-167, 1998. 



15 



